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Airfoil Designby anAll–At–OnceMethod ¦
Ajit Shenoy § MatthiasHeinkenschloss̈ EugeneM. Cliff ©

Abstract

The all–at–onceapproachis implementedto solve an optimum airfoil designproblem.
Theairfoil designproblemis formulatedasaconstrainedoptimizationproblemin whichflow
variablesanddesignvariablesareviewed as independentandthe couplingsteadystateEu-
ler equationis includedasa constraint,alongwith geometryandotherconstraints.In this
formulation,theoptimizercomputesa sequenceof pointswhich tendtoward feasiblility and
optimality at the sametime (all–at–once).This decouplingof variablestypically makesthe
problemlessnonlinearandcanleadto moreefficient solutions.In this paperanexisting op-
timization algorithmis combinedwith an existing flow code. The problemformulation,its
discretization,andtheunderlyingsolversaredescribed.Implementationissuesarepresented
andnumericalresultsaregivenwhich indicatethat thecostof solving thedesignproblemis
approximatelysix timesthecostof solvingasingleanalysisproblem.

Key words Airfoil design,optimization,computationalfluid dynamics,Eulerequa-
tions,nonlinearprogramming,optimaldesign.

1 Introduction

Optimumairfoil designis an active areaof research.See,e.g., the recentpapers[2], [4], [18],
[19], [20], [22], [23], [26], [27], [33], [34]. Abstractly, theoptimumairfoil designproblemcanbe
formulatedasa constrainedoptimizationproblem,andmany techniqueshave beenappliedto its
solution.Most of therecentapproaches,in factall of thereferencesabove,combineoptimization
andoptimalcontroltechniqueswith computationalfluid dynamics.Severalissueshave to bedealtª
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2 A. R. SHENOY, M. HEINKENSCHLOSS,AND E. M. CLIFF

with whenonefollows this path. Among thesearethe formulationof theoptimizationproblem,
thediscretizationof theinfinite dimensionalairfoil designproblem,andthedifferentiationof ob-
jective functionandconstraints.For thesolutionof theairfoil designproblemall issueshaveto be
dealtwith simultaneously. Greatcaremustbetakento avoid, or at leastto controlinconsistencies
andto developa robustandefficient solutionmethod.While thesetechniqueshave alreadybeen
successfullyappliedto airfoil designproblems,further investigationsareneededto improve effi-
ciency androbustnessof thesolutiontechniquesandto increasethesetof (airfoil) designproblems
to which thesetechniquescanbeapplied.

In thispaperweinvestigatetheapplicabilityof theall–at–onceformulationof theoptimization
problemto solve an airfoil designproblem. In mostpaperson airfoil design,the flow variables® areviewed asfunctionsof the designparameters̄ . This function ®±° ¯³² is implicitly defined
by the governingequationś °µ®·¶ ¯³²C¸º¹ , in our casethe steadystate2-D Euler equations.The
optimizationformulationdescribingtheairfoil designproblemis thenposedin thedesignvariables¯ . This is calledtheblack-boxapproach.TheEulerequationsarenotvisible to theoptimizer, but
hiddenby eliminatingthe flow variables,i.e., by expressingthe flow variables® asfunctionsof
the designsvariables̄ . An alternative to this approachis the all–at–onceformulationin which
oneviews flow variables® anddesignvariables̄ as independentvariablesin the optimization
problem.TheEulerequationscouplingthesetwo areincludedinto theoptimizationformulation
asaconstraintalongwith otherconstraintssuchasgeometricconstraints,dragconstraints,etc.The
optimizeris now responsiblefor computingapointwhich is feasibleandoptimalat thesametime,
i.e., move towardsfeasibility andoptimality at once,ratherthanmoving along the manifold of
feasiblepointstowardsoptimality. Comparisonsbetweenthesetwo approachesonotherproblems
have shown that theall–at–onceapproachcanbesubstantiallyfaster. Thereasonis thatviewing® and ¯ asindependentvariables,allows the optimizerto violate the Eulerequationsduring the
iterations. Theseareonly requiredto be satisfiedat the solution. This makes the optimization
problemlessnonlinearandoftenresultsin fewer iterations.For example,Iollo et al. [18] report
thattheirpseudo-timesteppingimplementationof theall–at–onceapproachrequiresonly threeto
four timesasmany iterationsto solve the designproblemascomparedto the effort requiredfor
the solutionof a singleanalysisproblem. Our resultsindicatea factorof five or six. However,
our optimizationapproachis differentandour problemincludesgeometricconstraints.It is also
importantto notethat an optimizerimplementingthe all–at–onceapproachrequiresroughly the
sameprobleminformationasanoptimizerappliedto theblack-boxapproach,exceptthattheall–
at–onceapproachdoesnot requiresolutionsto the nonlinearflow equations. We give a more
detailedpresentationof therelationsin thenext section.

Ratherthanformulatingtheairfoil designproblem,its discretization,anda solutionalgorithm
andthen implementall componentsfrom scratch,we decidedto build uponexisting codes. In
our implementationof the all–at–oncemethodfor our airfoil designproblemwe combinethe
optimizer, TRICE,with theflow code,ErICA. Thisimposescertainlimits onthechoiceof problem
formulationanddiscretization,but webelievethis to bearealisticapproach.As wehaveindicated
above, variousissueshave to be addressedwhensolving the airfoil designproblem. We focus
on the optimizationformulation. Our airfoil parameterizationis obtainedby choosinga setof
basisairfoils and computingan optimizedairfoil as a linear combinationof those. Moreover,
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grid generationanddiscretizationof theEulerequationwasdoneto limit difficultiesarisingfrom
nonsmoothnessandinconsistencies.Furthergainsin efficiency andaccuracy canbeachievedby
usingmorerefineddiscretizationtechniquesandimproving the couplingof the flow solver with
theoptimizer. Thiswasbeyondthescopeof thisstudyandis plannedfor futureinvestigations.

Thispaperis organizedasfollows: In Section2 wediscussoptimizationformulationsandtheir
relations.This sectionalsoprovidesfurthermotivationfor theall–at–onceapproachandreviews
someexisting optimizationapproaches.The governingequationsandthe flow codeErICA are
discussedin Section3. Thedesignproblemis formulatedin Section4 andSection5 containsa
descriptionof theoptimizerTRICE. Section6 containssomeimplementationissuesthathave to
be resolvedwhencombininganoptimizerwith a flow codefor our situation. Section7 presents
somenumericalresultsandcontainsadiscussionof ournumericalexperimentsandopenissues.

2 Optimization Problem

Thereareseveralwaysto castthedesignproblemoutlinedin theintroductioninto anoptimization
problem.Two formulationswill bediscussedin this section.Themainpurposeof this sectionis
to provide a backgroundfor thediscussionof our approachto theairfoil designproblemandfor
a comparisonwith otherapproachesin theliterature.In this sectionwe proceedasfollows: First,
we presentthetwo formulationsandtheir relationin anabstractframework. Thenwe discussthe
applicabilityto theairfoil designproblem.

Thefirst formulationof theairfoil designproblemis givenby»\¼]½ ¾j°µ®·¶ ¯³² ¶ (2.1)

s.t. ´ °O®$¶ ¯¿²�¸À¹ ¶ (2.2)Á °µ®·¶ ¯¿²9ÂÃ¹±Ä (2.3)

Here ® representthe flow variablesand ¯ arethe designparameters.The constraintfunction ´
representsthe Euler equations.The inequalityconstraints(2.3) representgeometricconstraints,
dragconstraintsandthelike. Thespecialcasein which

Á
doesnotdependon theflow parameters® deservesattention. In this sectionwe assumethat the functions ¾�ÅsÆ ´'Ç�ÈCÉ Æ ´'ÇxÊÌË Æ ´ , ´ ÅÆ ´'Ç�ÈÍÉ Æ ´'ÇÎÊ�Ë Æ ´'ÇÎÈ , and

Á Å3Æ ´'Ç�ÈÍÉ Æ ´'ÇxÊVË Æ ´'ÇÎÏ aretwicecontinuouslydifferentiableatthepoints
underconsideration.However, we notethatfor theformulationandexecutionof theoptimization
algorithmappliedto ourairfoil designproblem,weonly needfirst derivatives.For ´ ¶ Á wedenote
differentiationwith respectto avariableby usingthevariableasasubscript,e.g., ´'Ð °µ®·¶ ¯³² denotes
thepartialJacobianof ´ with respectto ® . In additionto thedifferentiabilityassumption,wemake
theassumptionthat ´'Ð °O®$¶ ¯¿² is invertibleatall points °µ®·¶ ¯¿² underconsideration.

Under the assumptionof the implicit function theorem(see,e.g., [24]), the constraint(2.2)
locally definesa function ®Å3Æ ´'Ç Ê Ë Æ ´'Ç È asthesolutionof´ °O®±° ¯³² ¶ ¯³²N¸À¹±Ä (2.4)

If theequation(2.2) hasa uniquesolution ®"° ¯¿² for all ¯ÒÑ Æ ´'Ç Ê underconsideration(typically,
(2.3) representsan explicit restrictionof the designspaceand thereforenot the whole Æ ´'Ç Ê is
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relevant), thenwe caneliminatethe flow variables® andformulate(2.1)–(2.3)in the following
reducedform: »\¼]½ Ó¾j° ¯¿²s¸ ¾j°O®±° ¯³² ¶ ¯³² ¶ (2.5)

s.t. ÓÁ ° ¯¿²s¸ Á °µ®"° ¯¿² ¶ ¯¿²9ÂÃ¹·Ä (2.6)

Theoptimizationformulation(2.1)–(2.3)correspondsto theall–at–once(AAO) approach[7],
[11] (alsocalledthesimultaneousanalysisanddesign(SAND) approach[3], [26]). Theoptimiza-
tion formulation(2.5), (2.6) correspondsto the black–boxapproach[11] (alsocalledthe nested
analysisanddesign(NAND) [3], [26]) andit correspondsto themultidisciplinefeasibleandindi-
vidualdisciplinefeasibleapproachin [7].1

In the following, we presentoptimality conditionsfor (2.1)–(2.3)andwe discussthe relation
betweenthesetwo problems.Theseresultsareknown andcanbefoundin a similar form, e.g., in
[9], [13]. Let Ô °µ®·¶ ¯ ¶ÖÕX¶Ø× ²*¸ ¾j°µ®·¶ ¯³²ÚÙ Õ±Û ´ °O®$¶ ¯³²ÚÙ ×@Û Á °O®$¶ ¯³² (2.7)

be the Lagrangiancorrespondingto (2.1)–(2.3). If a constraintqualificationis met, thenfor an
optimalpoint °µ®·¶ ¯³² of (2.1)–(2.3)thereexist Õ , × suchthatÜ Ð ¾j°O®$¶ ¯³²ÚÙÌ´'Ð °O®$¶ ¯¿² Û Õ Ù Á Ð °µ®·¶ ¯¿² Û × ¸ ¹ ¶ÜÞÝ ¾j°µ®·¶ ¯¿²ÚÙT´ Ý °µ®·¶ ¯¿² Û Õ Ù Á Ý °µ®·¶ ¯¿² Û × ¸ ¹ ¶´ °O®$¶ ¯¿²ß¸ ¹ ¶Á °O®$¶ ¯¿²àÂ ¹ ¶× á ¹ ¶Á °µ®·¶ ¯¿² Û × ¸ ¹±Ä

(2.8)

If
Á

doesnotdependon ® , thenthefirst equationin (2.8)reducestoÜ Ð ¾s°O®$¶ ¯¿²XÙT´'Ð °µ®·¶ ¯³² Û Õ ¸À¹±Ä (2.9)

Equation(2.9) is calledtheadjointequationand,if
Á

doesnot dependon ® , definestheLagrange
multiplier (or the co–state)Õ . With Õ givenby (2.9), the term

ÜÞÝ ¾j°µ®·¶ ¯¿²sÙÀ´ Ý °µ®·¶ ¯³² Û Õ of the
secondequationin (2.8) is calledthereducedgradient.

A commonlyusedconstraintqualificationis the linear independentconstraintqualification
(LICQ): Let

Á1â °O®$¶ ¯³² denotethevectorof functionsof
Á °µ®·¶ ¯³² which areactive at °O®$¶ ¯¿² . Then

LICQ is satisfiedif thegradientof thecomponentfunctionsin ´ °O®$¶ ¯¿² and
Áãâ °µ®·¶ ¯¿² arelinearly

independent.If
Á

doesnotdependon ® andif therowsof
Á1â ° ¯³² arelinearindependent,which is,

e.g., thecaseif
Á ° ¯¿²�¸nä¿¯ , thenour assumptionthat ´'Ð °O®$¶ ¯¿² is invertibleimpliesthatLICQ is

satisfied[9], [13].
Thesecondordernecessary[sufficient] optimalityconditionsaregivenby (2.8)andå;æ Ðæ Ý9ç Û'è °O®$¶ ¯ ¶ÖÕF¶5× ² åsæ Ðæ Ý;ç áéëê�ì ¹ (2.10)

1Sincewe only have onediscipline íhî]ïxðOñ*òsóJô thereis no distinctionbetweenthemultidisciplinefeasibleand
individualdisciplinefeasibleformulationin [7].
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for all
æ Ð ¶ æ Ý satisfying ´'Ð °µ®·¶ ¯³² æ ÐFÙT´ Ý °µ®·¶ ¯¿² æ Ý ¸ ¹ ¶ (2.11)Á Ð °O®$¶ ¯¿² æ ÐFÙ Á Ý °µ®·¶ ¯¿² æ Ý ¸ ¹±Ä (2.12)

Unlessnotedotherwise,
Á °µ®·¶ ¯³² wouldusuallyreferto thesetof activeconstraints,

Á â °µ®·¶ ¯¿² . Hereè °µ®·¶ ¯ ¶ÖÕX¶Ø× ² denotestheHessianof theLagrangianè °O®$¶ ¯ ¶ÖÕX¶Ø× ²*¸ ÜÞõö Ð�÷ Ý"ø Ô °µ®·¶ ¯ ¶ÖÕX¶Ø× ²ÖÄ
Pointssatisfyingthehomogeneousstateequation(2.11)canbecharacterizedby ù�ú Èú ÊÚû ¸ýü °µ®·¶ ¯¿² æ Ý ,
where ü °O®$¶ ¯¿²N¸ÿþ�� ´'Ð °O®$¶ ¯¿² � � ´ Ý °O®$¶ ¯¿²Æ � Ä (2.13)

With this, (2.10),(2.11),(2.12)canberewrittenasæ Ý ü °O®$¶ ¯¿² Û è °µ®·¶ ¯ ¶ÖÕX¶Ø× ²�ü °µ®·¶ ¯³² æ Ý á é�ê	ì ¹ (2.14)

for all
æ Ý

satisfying é � Á Ð °µ®·¶ ¯¿²�´.Ð °µ®·¶ ¯³² � � ´ Ý °µ®·¶ ¯¿²ÚÙ Á Ý °O®$¶ ¯¿² ì æ Ý ¸%¹±Ä (2.15)

Thematrix ü °O®$¶ ¯¿² Û è °O®$¶ ¯ ¶ÖÕF¶5× ²�ü °O®$¶ ¯³² is calledthereducedHessian. Thetermontheleft hand
sideof (2.15)caneitherbecomputedby calculatingthesensitivities ´'Ð °µ®·¶ ¯³² � � ´ Ý °µ®·¶ ¯¿² or using
anadjointapproach.If wedefine� ¸ � ´'Ð °µ®"° ¯¿² ¶ ¯¿² � Û Á Ð °O®±° ¯³² ¶ ¯³² Û ¶ (2.16)

thenthe left handsideof (2.15)canbe written in the form

� Û ´ Ý °O®±° ¯³² ¶ ¯³²sÙ Á Ý °µ®"° ¯¿² ¶ ¯¿² . In
particularif ��� is smallerthan � Ý theadjointequationbasedapproachseemsmoreattractive than
thesensitivity equationapproach.

It is known,see,e.g., [9], [13], thatderivativesfor thereducedproblem(2.5),(2.6)arerelatedto
thereducedquantitiesof theproblem(2.1)–(2.3).For example,thegradient

Ü Ó¾j° ¯¿² of thereduced
problemis equalto thereducedgradient

ÜÞÝ ¾s°O®$¶ ¯¿²FÙ ´ Ý °O®$¶ ¯¿² Û Õ , with Õ givenby (2.9),at ® ¸®±° ¯¿² . Moreover, theHessian	è ° ¯ ¶Ø× ²s¸ Ü õÝ ÓÔ ° ¯ ¶Ø× ² of theLagrangianÓÔ ° ¯ ¶5× ²N¸ Ó¾s° ¯¿²�Ù ÓÁ ° ¯¿² Û ×
of thereducedproblemis equalto thereducedHessianü °O®$¶ ¯³² Û è °µ®·¶ ¯ ¶ÖÕX¶Ø× ² ü °µ®·¶ ¯¿² . Finally, the
JacobianÓÁ Ý ° ¯¿² is equalto thematrixon theleft handsideof (2.15)at ® ¸ ®±° ¯³² .

Comparisonsbetweentheall–at–once(SAND)approachandtheblack–box(NAND, discipline
feasible)approachcan be found in, e.g., [7], [11], [26]. The all–at–onceapproachdecouples
stateanddesignvariables. An optimizerfor (2.1)–(2.3)canusethis decouplingandis allowed
to violate constraintsduring the iteration. This can result in substantialgainsin performance.
Significantreductionsin solutiontimesfor problemsrelatedto the oneconsideredin this paper
arereportedin [11], [12]. However, the optimizermustachieve feasibility andoptimality at the
sametime. This requirescarefully designedoptimizationcodesto maintainrobustness.In the
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computationalexperimentsin [11] the (particular)implementationof the black–boxformulation
alwaysperformedmorerobustly thanthe implementationof theall–at–onceapproachfor a one–
dimensionalductdesignproblem.Concerningtheapplicabilityof theall–at–onceapproachandthe
black–boxapproach,it shouldbementionedthatmostof thequantitiesneededto implementthe
all–at–onceapproachalsohave to beprovidedfor animplementationof theblack–boxapproach.
This is indicatedby therelationsbetweenderivativesfor thereducedproblem(2.5), (2.6)andthe
reducedquantitiesof theproblem(2.1)–(2.3)summarizedabove.

In the context of airfoil designproblemsboth formulations(2.1)–(2.3)and(2.5), (2.6) have
beenused,however, currentlytheblack–boxformulation(2.5), (2.6) seemsto bedominant[19],
[20], [23], [27], [33]. For airfoil designproblemstheall–at–onceformulation(2.1)–(2.3)is con-
sideredin [18], [34]. In bothcasesonly theequalityconstrainedproblem(2.1),(2.2)is considered.
Theoptimizationmethodsarederivedfrom theoptimalitysystemfor (2.1),(2.2). In [18] theopti-
mality systemis solvedby applyinga few pseudo–timestepsto theEulerequationandtheadjoint
equationto improvestateandco–stateestimatesandagradient–likestepto updatethedesignvari-
ables.Theoptimizationmethodsin [34] arederivedfrom theapplicationof Newton’s methodto
theoptimalitysystem;theseareparticularversionsof sequentialprogramming(SQP)methods.

We usethe all–at–onceformulation(2.1)–(2.3). For our particulardesignproblemthe con-
straints

Á
aresimpleconstraintson thedesignvariables.Theexactproblemformulationwill be

introducedin thesubsequentsections.WeuseanSQPmethodfrom theclassof methodsdescribed
in [9], [15] for thesolutionof theall–at–onceformulation.ThisSQPmethodusesaninteriorpoint
strategy to handletheinequalityconstraintsandemploys a trust–region strategy for globalization
of convergenceandto enhancerobustness.SeealsoSection5. If only equalityconstraintsare
present,thentheNewton basedmethodsin [34] arerelatedto theSQPmethodsin [9], [15]. Be-
sidesthecapabilityof handlinginequalitiesonthedesigns,othermaindifferencesarethattheSQP
methodsin [9], [15] usea trust–region globalizationand,in additionto exactsecondderivatives,
provide quasi–Newton approximationsto the full andreducedHessianof the Lagrangian.First
andsecondorderconvergenceresultsareprovenin [9] andtheinfluenceof inexactderivativesis
analyzedin [14].

For the formulationof the airfoil designproblemasan optimizationproblem,several other
issuesareof greatimportance.Thesearetheissuesof discretization,differentiability, andunique
solvability of stateequationsandlinearizedstateequations.We give a moredetaileddescription
below. For generalairfoil designproblemscomprehensive, rigoroustreatmentsof theseissues
arestill missing. In the caseof a one-dimensionalduct designproblem,which is relatedto the
airfoil designproblem,sucha comprehensive,rigoroustreatmentcanbefoundin [6]. It is shown
in [6] that an understandingof theseissuescanbe usedto improve robustnessandefficiency of
theoptimizationcode.Theseimprovementsarebasedon theunderstandingof theproblem,of its
discretization,andof the optimizationmethod. They areachievedwith very little programming
effort andalmostnoadditionalcomputingeffort periteration.

Theairfoil designproblemoriginally is an infinite dimensionalproblem.Therefore,theopti-
mizationformulationandoptimizationalgorithmhavetobecombinedwith adiscretizationscheme.
Variousapproachesarepossible.Two of thosearetheoptimize–then–discretizeapproachin which
theoptimizationalgorithmis formulatedin theinfinite dimensionalsettingandthendiscretization
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areappliedto the individual steps,andthe discretize–then–optimizeapproachin which onefirst
discretizestheproblemandthenappliesanoptimizationalgorithmto thediscretizedproblem.The
processesof discretizationandoptimizationareusuallynot interchangeableandthereforethese
two approachesaredifferent.Thenumericalsolutionof aninfinite dimensionalproblemrequires
a carefulstudyof theproblemat hand.Several issueshave to bekept in mind. In theoptimize–
then–discretizeapproachthe derivativesafterdiscretizationareusuallynot thederivativesof the
discretizedfunctions.Thereforeoptimizationalgorithmshave to copewith inexactderivative in-
formation. Seee.g., [5], [33]. Thediscretize–then–optimizeapproachoftenneglectsthefact that
the infinite dimensionalproblemstructurestill influencesthe finite dimensionalproblem. If this
influenceis not incorporatedproperly, thentheoptimizationproblemtypically becomesartificially
ill–conditionedandoneobservesa severedegradationin performanceandrobustnessof theopti-
mizer, see[6], [28].

Derivativesof constraintfunctionsandsolutions® to thestateequationsareusedin theformu-
lationof optimalityconditionsandin efficientoptimizers.See,for example,gradientcomputations
usingsensitivities or adjointequations.For problemsgovernedby theEulerequations,differen-
tiability in the infinite dimensionalcontext is problematic,due to the presenceof shocks. This
might bedifferentfor thediscretizedEulerequations.If smoothingprocedures(e.g., introduction
of artificial viscosity)areappliedin discretizationschemesfor the Eulerequations,the resulting
finite dimensionalsystemmaybedifferentiable.However, sincethediscretizationschemesused
in CFD codesarevery complex, ‘derivatives’ and‘adjoint equations’shouldbetreatedwith care
andusuallymustbeunderstoodformally.

It is alsoimportantto keepin mind that the formulations(2.1)–(2.3)and(2.5), (2.6) areonly
equivalentif (2.2)hasauniquesolution ®±° ¯¿² for all ¯ Ñ Æ ´ Ç Ê underconsideration.If ´ °O®$¶ ¯¿²s¸ ¹
representsthe(discretized)Eulerequations,this assumptionseemsto beratherstrongin view of
the non-uniquenessresult presentedin [21] for discretizedEuler equations.The existenceand
uniquenessof thesolution ® of ´ °O®$¶ ¯¿²	¸q¹ for given ¯ is oftenalsorelatedto theexistenceand
uniquenessof thesolution

æ Ð of thelinearizedstateequationś'Ð °µ®·¶ ¯³² æ Ð|ÙC´ Ý °µ®·¶ ¯³² æ Ý ÙC´ °µ®·¶ ¯¿²N¸¹ for given °O®$¶ ¯¿² ¶ æ Ý .

As we have notedbefore,for a one-dimensionalductdesignproblem,which is relatedto the
airfoil designproblem,the above issueshave beenrigorouslydiscussedin [6]. For generalair-
foil designproblemstheseissuesaresubjectof currentresearch.In our approachto the airfoil
designproblemwe parameterizethe airfoil using linear combinationsof existing airfoils. This
canbeviewedasa reducedbasisapproach(seee.g., [32, Sec.7.3])leadingto a low dimensional
( � Ý ¸�
 ) designspace.Our grid generationschemeleadsto gridswhich dependsmoothlyon the
designparameters.OurapplicationprogramsarebasedonthepackageErICA for thesimulationof
flows over airfoils governedby theEulerequations.Amongthediscretizationschemesavailable
in that package,we usethe schemeswith bettersmoothnessproperties.We usethe discretize-
then-optimizeapproach.Sincewe have a low dimensionaldesignspaceanda rathersimplegrid
generationscheme,we believe this is sensible.However, givenour experiencesin [6], we believe
this approachhasto berethoughtif morecomplex discretizationschemesareused.More details
on thediscretizationschemesareprovidedin Sections3 and6.
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3 Analysis Problem, Discretization, and Flow Code

In this sectionwe discusstheanalysisproblemunderlyingour designproblemandits discretiza-
tion. The analysisproblemis the flow ® aroundthe airfoil governedby the steadystateEuler
equationsfor aperfectgas.Wealsooutlinetheflow codeErICA usedfor thesolutionof theanaly-
sisproblem.Althoughour optimizationformulationis basedon theall–at–onceapproachandour
optimizernever needsto solve theEulerflow equations,we will extractseveralsubtasksfrom the
flow codeErICA. Thepresentationof theErICA codewill helpto describethesetasks.

The unsteadyEuler equationsfor a perfectgas,written in integral conservation law form is
givenby ������������� Ù ���������� �� � æ ¸À¹ (3.1)

where,in Cartesiancoordinates, �� ¸! �" Ù$# �%
and � ¸ &'''( ''')

**,+*,-*/.�0
1 '''2'''3
¶  ¸ &'''( ''')

*,+*,+ õ Ù54*,+6-°7*�8�0 ² +
1 '''2'''3
¶ #J¸ &'''( ''')

*,-*,+6-*,- õ Ù94°7*�8�0 ² -
1 '''2'''3

with velocitycomponents+ , - , density* , total energy perunit mass.�0 ¸ . Ù °7+ õ Ù - õ ²;:=< , with .
beingtheinternalenergy perunit massandpressure4 , which for a perfectgasmaybeexpressed
by therelation, 4Y¸ °?> ��@ ² */. . Thetotal enthalpy perunit massis givenby 8�0 ¸BA õ : °?> ��@ ²�Ù+ õ :C<(Ù - õ :C<1¸ .�0 ÙD4E: * , whereA¸GF > 4E: * is thesonicvelocity. Here,� representstheconserved
variableswith ® ¸ é *H+I- 4 ì Û denotingtheprimitivevariables,and,  and # representtheinviscid
fluxes.Theproblemdomainis denotedby J and KLJ representstheboundaryof thedomain.For a
detailedtreatmentof theEulerequationsrefer[10].

3.1 Discretization of the Euler Equations

For a given airfoil configuration,the shapeof which is representedasa function of the design
variables̄ , theanalysisproblemcorrespondsto thesolutionof theEulerequationsof flow. The
flow is simulatednumericallyusingthe solver ErICA (EuleRInviscid Codefor Aerodynamics)
whichwasdevelopedby Narducci[25].

Computationalsimulationswereperformedon a C-typegrid, which is wrappedaroundthe
airfoil. Weonly sketchthegrid generationto fix somenotation.For theomitteddetailswereferto
[29,Sec.4.2.2].Thegrid is generatedalgebraically, by thefollowingprocedure:Wefirst distribute
pointson bottomboundary, correspondingto the airfoil surfaceandthe trailing edgewake, and
on thetop boundaryof thecomputationalgrid, correspondingto thefar-field boundary. Oncethe
boundariesaredefined,weconnectcorrespondingpairsof pointsonthetopandbottomboundaries
usingstraightlines. Grid cellsandnodesarenumberedby ° " ¶ % ² , where

"
refersto thehorizontal

positionand
%

refersto theverticalpositionin thegrid. Indiceswith
% ¸ @ referto nodesor cells
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onor at theairfoil, respectively. A typical <e¹ @ ÉNM=O grid is shown in Figures3.1and3.2with 121
pointson theairfoil surface. In practicalCFD codesmoresophisticatedgrid generationschemes
areused.Eventually, suchgrid generationshave to beincorporated.However, in a first attemptto
applytheall–at–oncemethodologyto airfoil design,we preferredthis simplegrid becauseof the
relativeeaseof generatingthegrid andbecauseof its guaranteedsmoothdependenceonthedesign
parameters(airfoil).

Figure3.1: The <e¹ @ É5M=O grid.

Figure3.2: Close-upView of the <e¹ @ É9M=O grid.

Giventhegrid, theErICA code[25] is usedfor thesolutionof thesteadystateEulerequations.
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In ourversionof ErICA afinite volumediscretizationusinganupwindschemewith VanLeerFlux
VectorSplitting is appliedto computethe residuals.A MUSCL (MonotoneUpstream-centered
Schemefor ConservationLaws)differencingapproachis usedto interpolatethevaluesof thestate
variables® from the cell centersto the cell faces. In order to fully capturethe shock,we use
third order interpolationof the fluxes. We useVan Albada’s limiter to suppressoscillationsin
the flow solution. While otherdiscretizationschemesareavailablein ErICA, we selectedthese
becauseof their bettersmoothnessproperties. Seethe discussionat the end of Section2. A
pseudo–timemarchingschemeis usedto computesolution to the steadystateEuler equations.
We usethe boundaryconditionsin [16, Ch. 19] on the airfoil surfaceandthe far-field boundary
conditionsproposedin [30]. Wedescribethemainfeaturesof theflow solverwhichareneededin
thesubsequentdiscussion.For moredetailswereferto [29].

As mentionedabove,weuseacell-centered,finite volumeformulationto rewrite thegoverning
equations(3.1). For the ° " ¶ % ² th grid-cell the(semi-discretized)residualin termsof theprimitive
variablesis givenby ��PRQTS � ®�� ÙÌ´ PUQ °µ®·¶ ¯³²N¸À¹ ¶ (3.2)

where��PRQ is theareaof the ° " ¶ % ² th subdomain,S ¸ VV Ð � is theJacobianof themappingbetween

theconservedandtheprimitivevariables,and ´ PUQ ¸XWZY\[^]`_ ú ° ��a� ��X²Ub æ is theresidual,where �� is
the inviscid flux and b æ is the lengthof theside. Summationis doneover all sidesof cell ° " ¶ % ² .
Requiring(3.2) for all cellsyields �cS � ®�� ÙT´ °O®$¶ ¯¿²N¸%¹±Ä (3.3)

Theresidualis computedas´ PUQ °µ®·¶ ¯³²s¸ed ° ���� ��X²Ub æTf P � ��g õ Ùhd ° ���� ��Ú²Rb æif P;j ��g õ Ùhd ° ���� ��X²Ub æif Q � ��g õ Ùkd ° ���� ��X²Ub æTf Qlj ��g õ ¶ (3.4)

where
é ��m� �� ì P;n ��g õ correspondto theinviscidflux, ��Z� �� , acrosstheverticalcell faces,and

é ��m� �� ì Qln ��g õ
correspondsto theflux acrossthehorizontalcell faces,respectively. For agivencell face,wehave,

���� �� ¸ &'''( ''')
*po*,+qo Ù ��Ers4*po�- Ù ���t`4°?*�8�u ² o

1 '''2'''3
¶

where o ° ¸ ���r + Ù ���t - ² is the velocity normalto the cell face,and ��Er and ��Et arethe Cartesian
componentsof the normal to the cell face. As notedabove, the residualis computedusingan
upwindscheme,with VanLeerFlux VectorSplitting, with third orderinterpolationvia MUSCL
differencingto interpolatethevaluesof thestatevariables,® , from thecell centersto thecell faces,
andwith VanAlbada’s limiter to suppressoscillatorybehavior in theflow solution.

We usethesurfaceboundaryconditionsdescribedin [16, Ch.19] and[8] (flow tangency stip-
ulationandrequirementsthatthenormalmomentumbezeroandentropy beconserved,curvature
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correctionsdescribedin [8] areneglected),alongwith thefar-field boundaryconditionsproposed
in [30]. Theseboundaryconditionsinvolve thecreationof ghostcells.

Thesteadystatesolutioncorrespondingto thesemi-discreteequations(3.3) is computedusing
apseudo–timemarchingschemeappliedto (3.3).We considertheimplicit schemevw �b  S Ù þyx� ´� ® � Ç{z| b ® ¸ � ´ Ç ¶ (3.5)

where b ® ¸ ® Ç j � � ® Ç ; ® ÇI¸ ®±° �}b  ² . Here ~V��V Ð denotesanapproximationof theJacobian VV Ð ´ .
Seebelow. Thescheme(3.5)mayberegardedasasimplifiedimplicit Eulerschemesince,��S b ®b  ¸ � ´ Ç j �c� � ´ Ç � þ � ´� ® � Ç b ® � � ´ Ç � þ x� ´� ® � Ç b ® Ä
The equation(3.5) is ‘solved’ by applyingonestepon an AlternatingDirection Implicit (ADI)
scheme.Theresultingtime–marchingschemeis notaccuratein time,but this is not requiredsince
weareonly interestedin steadystatesolutions.

For a moment,supposethat ° x VV Ð ´1² Ç ¸ ° VV Ð ´1² Ç andthat �� ¸ VV Ð �� . Thentheequationof (3.5)
correspondingto cell ° " ¶ % ² is givenby� �b  S Ù å d ° �� � ��X²Rb æif P � ��g õ ÙBd ° �� � ��Ú²Rb æif P;j ��g õÙ�d ° �� � ��Ú²Rb æif Q � ��g õ Ù�d ° �� � ��X²Rb æif Qlj ��g õ ç Ç6� b ® PUQ ¸ � ´ °µ® ÇPUQ ²|Ä (3.6)

See(3.2), (3.4). Insteadof using �� ¸ VV Ð �� , we make two simplificationsto derive �� . Thesein-
creasetheefficiency with whichonestepof thepseudo–timemarchingschemecanbeperformed.
Thefirst simplificationis asfollows. In theresidualcomputation,flux termslike

é ° ��a� ��X²Rb æ ì P;j ��g õ
arecalculatedusingVanLeerFlux VectorSplitting andMUSCL differencingwith cubic interpo-
lation of the valuesof thestatevariables® from the cell centersto the cell faces.ErICA analyt-
ically computesthe Jacobiansof the flux termsobtainedusinglinear insteadof cubic interpola-
tion. Thesecondsimplificationin computing �� is madeby partlysuppressingtheinfluenceof the
ghost-cells.Emphasizingtheinfluenceof theboundaryconditions,theresidualcanbewritten as´ °O®$¶ ¯³² ¸ �´ °µ®·¶Ø® � °O® ² ¶ ¯¿² , where ® � arethe valuesof the flow variableson the ghostcells. The
boundaryconditionsareusedto expresstheseasfunctionsof the flow variables® in the interior
andof ¯ : ® ��¸ ® � °O®$¶ ¯¿² . Thus,thederivativeof theresidualis of theform� ´ °µ®·¶ ¯³²� ® ¸ � �´ °O®$¶Ø® � ¶ ¯³²� ® Ù � �´ °O®$¶Ø® � ¶ ¯¿²� ® � � ® � °O®$¶ ¯¿²� ® Ä (3.7)

In ErICA theapproximation � ´ °O®$¶ ¯³²� ® � � �´ °O®$¶Ø® � ¶ ¯¿²� ® (3.8)
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is usedto obtain �� .
Let �� � VV Ð �� denotetheapproximateflux-Jacobiansderivedusingthetwo simplificationsout-

lined above. If we set �� ¸ ~V��V Ð , then �� is a block pentadiagonalmatrix. We split �� ¸ �� Q Ù��� P ,
where �� P correspondsto the terms d ° �� � ��Ú²Rb æ f Q � ��g õ Ù d ° �� � ��X²Ub æ f Qsj ��g õ in (3.6) and �� Q corre-

spondsto the terms d ° �� � ��X²Rb æif P � ��g õ Ù�d ° �� � ��X²Rb æif PRj ��g õ in (3.6). The subscript
"

in �� P indi-

catesthat thematrix includesinformationof �� alongconstant
"
–lines(verticalgrid–lines).Simi-

larly, �� Q includesinformationof �� alongconstant
%
–lines(horizontalgrid–lines).We alsodefineüÃ¸ ��}� ��S . Now, (3.5)canbewrittenasd ücÙ �� Ç Q Ù �� ÇP f b ® ¸ � ´ Ç Ä (3.9)

Wedonotsolve(3.9),but approximatelyfactorü Ù �� Ç Q Ù �� ÇP � d ücÙ �� Q f Ç ü � � d ücÙ �� P f Ç
andsolve d ücÙ �� Q f Ç ü � � d ücÙ �� P f Ç b ® ¸ � ´ Ç (3.10)

Thestepb ® is computedby solvingd ü Ù �� Q f Ç b ® ��g õ ¸ � ´'Ç ¶d ü Ù��� P f Ç b ® ¸ ü�b ® ��g õ Ä (3.11)

Thenew flow iterateis ® Ç j � ¸ ® Ç Ù�b ® Ä (3.12)

Thetwo simplificationsin theflux-JacobiansVV Ð �� leadingto �� � VV Ð �� guaranteethat(aftersym-
metricpermutation)thematriceson theleft handsidesof (3.11)areblock tridiagonal.Thus,each
subproblemin (3.11) requiresa block tridiagonalmatrix inversion,which involvesa block LU
factorizationanda block matrix solve; the latterconsistsof forwardandbackwardsubstitutions.
For moredetailsaboutthescheme,we refer to Hirsch[17, 16] or Shenoy [29]. An outlineof the
ErICA algorithmfor thesolutionof thegoverningEulerflow equations,́ °O®$¶ ¯¿²j¸�¹ for given ¯ ,
is givenin Algorithm 3.1.

3.2 Airfoil Shape Parameterization

We useanairfoil shapeparameterization,formulatedin [31]. Seealso[32, Sec.10]. Theairfoil
geometryis representedastheweightedcombinationof six shapefunctions�,°?� :��Î²s¸ �� [�� �/� [ � [ °�� :=��²|Ä (3.13)

Fourof theshapefunctionsarepre-existingairfoils, namely, NACA <�
 @ < , NACA �=
 � - 
 @ < , NACA�,M õ - 
 @ M andNACA �=
 õ - � < @ M . Theshapefunctions � � –�L� maybereferencedfrom [1]. The two
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Algorithm 3.1 (ErICA)

1 Given � [ .
1.1 GenerateC–grid,includingghostcells.

1.2 Computedirectioncosinesandlengthsfor eachcell faceandtheareasof eachcell.

2 Given � Ç . Computeresidual:

2.1 ImposeBoundaryConditions.

2.2 Compute� PRQ¡  W Y£¢¥¤s¦?Y;§6¨©«ª ¨¬6¯®±° .
2.3 Compute²U�³² .
2.4 If ²U�³²c´5µ·¶¹¸ , thenoutputtheresultandstop;otherwisegoto3.

3 EulerImplicit Time Integration.

3.1 º   constantlines:

Solve d¼»¾½ �¿ Q f Ç ® � ��g õ  ÁÀ � Ç .
3.2 Â   constantlines:

Solve d¼»¾½ �¿ P f Ç ® �   » ® � ��g õ .
3.2 UpdateState:� Ç j �   � ÇÃ½ ® � Ç . Set ¬   ¬ ½�Ä andgoto2.

additionalshapefunctions �=ÅÎ¶s� � areusedto imposecertaingeometricclosureconditionsat the
trailing edgeof theairfoil. Theseshapesaregivenby��Å ¸ Æ � :=� ¶ onuppersurface¶¹ ¶ on lowersurface¶� � ¸ Æ ¹ ¶ onuppersurface¶� � :�� ¶ on lowersurfaceÄ
Sincethesefunctionsareusedto closetheairfoil at thetrailing edge,theweights � Å and � � are
fixedin termsof � � –� � . Werequirethat��Ç ú ° @ ²s¸ ��È ú ° @ ²s¸%¹ ¶
whichyield thefollowing relations� Å ¸ � é � �7ÉËÊ ° @ ² � � Ù � õ É¯Ê ° @ ² � õ Ù ��Ì É¯Ê ° @ ² � Ì Ù ��� É¯Ê ° @ ² � � ì ¶� � ¸ é � �7Í Ê ° @ ² � � Ù � õ Í Ê ° @ ² � õ Ù ��Ì Í Ê ° @ ² � Ì Ù ��� Í Ê ° @ ² � � ì ¶
wheresubscriptsÎ æ andÏ æ referto theupperandlowersurfaces,respectively. An efficientapproach
to implementtheabove is to closeeachairfoil � � –��� individually to obtain �� � – ���� , andusetheseas
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ourdesignbases.We have �,°?� :��Î²s¸ �� [�� � � [ �� [ °�� :=��²|Ä (3.14)

4 The Design Problem

Given Ð � [7Ñ , theflow ® aroundtheairfoil is governedby theEulerequationsfor aperfectgas.The
designproblemis formulatedasfollows: »ÓÒLÔÕ ÖÃ× °O®$¶ � ² (4.1)

suchthat ´ °O®$¶ � ²s¸%¹ ¶ (4.2)ÖÙØ °O®$¶ � ²9Â ÖÙØEÚ,ÛÝÜ ¶ (4.3)��Þ ¢¥ß Â � ° � ²9Â ��ÞáàËâ ¶ (4.4)K�ã�ä ° � ² á K Þ ¢¥ß Ä (4.5)

where � ¸ Ð � [�Ñ , and ® ¸ é *h+�- 4 ì Û denotethe primitive variablesof flow, with the usual
notation. Equation(4.2) refersto the discretizedsteadystateEulerequationsof flow. Thedrag,ÖÙØ , in this case,is the wave drag. The lower limit on the area, � , is imposedso that the airfoil
doesnotbecometoothin,arequirementfor structuralintegrity. Theupperlimit is imposedto avoid
thick, unrealisticairfoils. Equation(4.5) representsa boundon thetrailing edgeangleimposedto
avoid situationsin which theuppersurfacecango below thelower surface.Seebelow. Thefree-
streamconditionsarebasedonMachnumberS ¸%¹±ÄæåCM flow atangleof attackç ¸%¹ .

Thestateequation(4.2)wasdiscussedin Section3. Webriefly describethecomputationof the
aerodynamicforcesusedto computeÖÃ× °O®$¶ ¯³² and ÖÙØ °µ®·¶ ¯¿² , andthetrailing edgecondition(4.5).
Thesearefairly standard,but areincludedfor completeness.

Theaerodynamicforcesarecomputedby numericallyintegratingthepressureover thesurface
of theairfoil. Thenormalizedforcesnormalandtangentialto theairfoil chordline arerespectively
givenby,

ÖÙè ¸ � <*/éëê6é P¯ì�P � P�í 4 PUQ °�� P;j � ÷ � � � P ÷ � ² ¶Ö Û ¸ <*/éëê6é P ì�P � P í 4 PUQ °?� P;j � ÷ � � � P ÷ � ² ¶
where ° " ¶ % ² , % ¸ @ , " ¸ " 0�¶ ÄxÄxÄ ¶ "{î , denotethegrid pointson theairfoil surface.We computethe
lift anddragforcesrespectively as,ÖÃ× ¸ ÖÙèDïTðCñ ç � Ö Û ñ ¼]½ ç ¶ÖÙØ ¸ ÖÙèÓñ ¼ ½ ç�Ù Ö Û ïiðCñ ç9Ä (4.6)
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Thedependenceof thelift anddragcoefficientsonthestate® andthedesign� canbedetermined
from (4.6).

Theareaof theairfoil (for unit chordlength)is givenby� ¸ � �u �LÇ Y � � � � �u ��È Y � � Ä
Here ��Ç Y , ��È Y representthe upperandthe lower surface,respectively. Representingthe airfoil in
termsof thebasic(closed)airfoils (3.14),wehave� ¸ � �u �� [�� � � [ �� [ É¯ò � � � � �u ��[�� � � [ �� [ Í ò � �¸ �� [�� � � [ å � �u �� [ É¯ò � � � � �u �� [ Í ò � � ç ¸ �� [^� � � [ � [ Ä
where � [ correspondto theareasof theindividualairfoils. Theareasof theindividualairfoils can
becomputedat thebeginningof thedesigncycle. For given � theareais thensimply computed
astheweightedsumof theareasof thegiven(closed)airfoils.

Ourparametricrepresentationof theairfoil (3.14)allowsfor situationswheretheuppersurface
cango below the lower surfaceof the airfoil. Suchsituationswereactuallyencounteredin our
preliminaryattemptsatoptimization.Hence,weneedto imposeanadditionalconstraintto prevent
suchphysicallyincompatibleconfigurationsto arise.This is doneby constrainingthetrailing edge
angleof the airfoil. The trailing edgeangleis givenby ó Òe½ � � °7�/ôÈ Y ° @ ²5² � ó Òe½ � � °7�/ôÇ Y ° @ ²5² , which is
approximatedby Kõãöä ¸ � ôÈ Y ° @ ² � � ôÇ Y ° @ ²|Ä
Usingthe(approximate)trailing edgeanglesKõãöä6÷ of thefour basicairfoils, thiscanbewrittenas

K�ã�ä ¸ �� [�� � � [ K�ã�äø÷�Ä (4.7)

It wasfoundsufficient to imposethe requirement(4.5) to ensurethat theuppersurfacedoesnot
go below thelowersurface.Notethatwhile theabove approximationof thetrailing edgeangleis
fairly crude,it doesyield aconstraintthatis easyto computeandachievesthedesiredeffect.

5 Optimization Algorithm

Theoptimizationalgorithmusedfor ourcomputationis aversionof thetrust-region interior-point
SQPmethodscalledTRICEdevelopedin [9], [14], [15] for solving»7¼ ½ ¾s°O®$¶ ¯¿² ¶ (5.1)

s.t. ´ °µ®·¶ ¯¿²s¸%¹ ¶ (5.2)¯ Þ ¢¥ß Âý¯ Âý¯ ÞáàËâ Ä (5.3)
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Clearly, (5.1)–(5.3)is aparticularcaseof (2.1)–(2.3).In thissectionwegiveabrief descriptionof
thealgorithm.Weleaveoutmany technicaldetailsandfocusonhow thealgorithminterfaceswith
theflow solver. For moredetailson thealgorithmandits convergencewe refer to thepapers[9],
[14]. An importantaspectof theTRICE implementation[15] is thatapplicationspecificsubtasks
in theoptimizationareseparatedfrom theoptimizerTRICE andcanbeprovidedby theuser. In
our casethis allows us to provide approximatesolutionsto linearizedstateequationsandadjoint
equationscomputedby a modificationof the flow codeErICA. SeealsoSection6. Since(5.3)
correspondsto (2.3)with a

Á
independentof ® , theLagrangemultiplier Õ is determinedby (2.9).

Weusetheequation(2.9)to defineÕ ¸ Õ*°µ®·¶ ¯³² .
If wedefineadiagonalscalingmatrix ù °O®$¶ ¯³²�Ñ Æ ´'ÇÎÊ6ú�ÇxÊ with diagonalelements

ù;ù °µ®·¶ ¯¿² û [û[ ¸ &'( ')
° ¯ ÞáàËâ � ¯¿²Cüý[ if ù ü °µ®·¶ ¯³² Û Ü ¾j°µ®·¶ ¯¿² û [yþ ¹ ¶° ¯ � ¯ Þ ¢¥ß ² üý[ if ù�ü °µ®·¶ ¯³² Û Ü ¾j°µ®·¶ ¯¿² û [ á ¹ ¶ (5.4)

thenthefirst orderoptimalityconditions(2.8)canbeequivalentlywrittenas´ °O®$¶ ¯¿²�¸À¹ ¶ù °O®$¶ ¯³² õ ü °µ®·¶ ¯³² Û Ü ¾j°µ®·¶ ¯¿²s¸%¹ ¶ (5.5)

and ¯ Þ ¢¥ß Âý¯ Âý¯ ÞáàËâ .
Thealgorithmsin [9], [14], [15] generatea sequenceof iterates°O® Q ¶ ¯ Q ² , where ¯ Q is strictly

feasiblewith respectto the bounds,i.e., ¯ Þ ¢¥ß þ ¯ Q þ ¯ ÞáàËâ (hencethe term interior–point
method).Thealgorithmscanbemotivatedby applyingNewton’smethodto thesystemof nonlin-
earequations(5.5)wherethe ¯ componentis keptstrictly feasiblewith respectto thebounds,i.e.,¯ Þ ¢¥ß þ ¯ þ ¯ ÞáàËâ . Thestep

æ ¸ ° æ Ð ¶ æ Ý ² is decomposedin to a quasi-normalstep
æiÿ

anda tan-
gentialstep

æ��
. Theroleof thequasi-normalstep

æiÿ
is to movetowardsfeasibility. It is of theformæiÿ ¸ ° æTÿ Ð ¶ ¹3² . The ® -component

æTÿ Ð is relatedto the Newton stepappliedto solve ´ °µ®·¶ ¯ Q ² ¸Ò¹ ,
for given ¯ Q . The role of the tangentialstepis to move towardsoptimality. It is of the formæ�� ¸�ü °µ® Q ¶ ¯ Q ² æ Ý ¸ ° � ´.Ð °O® Q ¶ ¯ Q ² � � ´ Ý °µ® Q ¶ ¯ Q ² æ Ý ¶ æ Ý ² , where ü °µ® Q ¶ ¯ Q ² is therepresentationof
the null-spaceof the linearizedstateequationdefinedin (2.13). The ¯ –component

æ Ý
of
æ �

is
relatedto a quasi–Newtonstepfor thereducedproblem(2.5),(2.6).

Thematrix ù °O®$¶ ¯¿² is in generalnot differentiable,but this nondifferentiabilityis benignand
doesnot interferewith thefastconvergenceof Newton’s method.A linearizationof (5.5)around® Q ¶ ¯ Q gives ° ´'Ð�² Q æ Ð(Ù ° ´ Ý ² Q æ Ý ¸ � ´ Q ¶ (5.6)ù;ù õQ ü ÛQ Ü õ ö Ð�÷ Ý"ø�� Q Ù é ¹���� Q ì û þ æ Ðæ Ý � ¸ � ù õQ ü ÛQ Ü ¾ Q Ä (5.7)

Here we have usedthe subscript
%

to denoteevaluationof functionsat ® Q ¶ ¯ Q . In (5.7), ¹ de-
notesthe � Ý ÉN�@Ð matrix with zeroentries,

� °O®$¶ ¯ ¶ÖÕ ²	¸ ¾s°O®$¶ ¯¿²FÙ Õ Û � °O®$¶ ¯³² , Ü õ ö Ð�÷ ÝÍø � °O®$¶ ¯ ¶�Õ ²	¸]] ö Ð�÷ ÝÍø é ¾s°O®$¶ ¯¿²ÚÙ Õ Û � °O®$¶ ¯³² ì , and � °µ®·¶ ¯¿² is the Æ ´'ÇxÊEú�ÇxÊ diagonalmatrixù � °O®$¶ ¯¿² û [û[ ¸	��� ù ü °O®$¶ ¯¿² Û Ü ¾s°O®$¶ ¯¿² û [ ���
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replacingthein generalnotexisting term
é ]] ö Ð�÷ ÝÍø ù õ °µ®·¶ ¯³² ì ü °O®$¶ ¯¿² Û Ü ¾j°O®$¶ ¯³² .

Sincethesolutionof thelinearizedstateequation(5.6)canbewrittenasæ ¸ æ ÿ Ùcü Q æ Ý ¶ (5.8)

where
æ ÿ ¸ ° � ° ´.ÐÖ² � �Q ´ Q ¶ ¹3² Û and ü Q is givenby (2.13).

By using(5.8)wecanrewrite thelinearsystem(5.6)–(5.7)asæ ¸ æ ÿ Ù ü Q æ Ý ¶ (5.9)ùsù Q ü ÛQ Ü õrlr � Q ü Q ù Q Ù
� Q û ù � �Q æ Ý ¸ � ù Q ü ÛQ ù Ü õ ö Ð�÷ ÝÍø�� Q æ ÿ Ù Ü ¾ Q û ¶ (5.10)

TheNewton–like stepnow is the solutionof (5.9), (5.10)with ù Q replacedby �ù Q , where �ù Q is
definedby (5.4) with ü ÛQ Ü ¾ Q replacedby ü ÛQ é Ü õ ö Ð�÷ Ý"ø � Q æiÿ Ù Ü ¾ Q ì . This changeof the diagonal
scalingmatrix is basedon theform of theright handsideof (5.10).

One can that if °O® Q ¶ ¯ Q ² is closeto a nondegenerateminimizer °O®��Î¶ ¯ � ² which satisfiesthe
secondordersufficient optimality conditions,the matrix on the left handsideof (5.10) is posi-
tive definite. Therefore,(5.10)canalsobe interpretedasthe optimality conditionof a quadratic
programin

æ Ý
. To globalizetheconvergenceandto enhancerobustnessof thealgorithm,a trust–

region globalizationis added.Let b Q bethetrustradiusat iteration
%
. The ® –componentof

æiÿ
is

computedby approximatelysolving

minimize
�õ� ° ´'Ð�² Q ° æTÿ ²�Ð(ÙÌ´ Q  õ

subjectto  ° æ ÿ ²�Ð  Âkb Q Ä (5.11)

Given
æ ÿ

, thestepin ¯ is computedby approximatelysolving

minimize ù�ü ÛQ ° è Q æiÿQ Ù Ü ¾ Q ² û Û æ Ý Ù �õ æ Û Ý ù�ü ÛQ è Q ü Q Ù�� Q �ù � õQ û æ Ý
subjectto  �ù � �Q æ Ý  ÂkK Q Ä (5.12)

Of course,we alsohave to requirethat the new iterateis in the interior of the box constraints.
To ensurethat ¯ Q Ù æ Ý

is strictly feasiblewith respectto the box constraintswe choose� Q Ñé � ¶ @ ² , �%Ñ ° ¹ ¶ @ ² , andcompute
æ Ý

with � Q ° ¯ Þ ¢¥ß � ¯ Q ²Â æ Ý Â�� Q ° ¯ Þ ¢¥ß � ¯ Q ² . Thequadratic
minimizationproblems(5.11)and(5.12)only needsto besolvedapproximately. For example,an
approximatesolutionof (5.11)is givenby° æ ÿ ²�Ð9¸ �  é ° ´'Ð�² Q ì � � ´ Q ¶ (5.13)

where
 ¸ @ if  é ° ´'ÐØ² Q ì � � ´ Q  Âkb Q and

 ¸�b Q :  é ° ´'ÐØ² Q ì � � ´ Q  Âkb Q otherwise.
An approximatesolutionof (5.12)canbecomputedusingamodifiedconjugategradientmethod.

If the reducedHessianü ÛQ è Q ü Q is approximatedby a quasi-Newton update,thenthesolutionof
(5.12) is relatively inexpensive. Thecostof computingthe ‘reduced’gradientü ÛQ ° è Q æiÿQ Ù Ü ¾ Q ²
dominatesthecostof solving(5.12).

The main stepsof the trust–region interior–point SQPschemeareoutlinedin algorithm5.1.
Moregeneralversionsof thesealgorithmsarepossible.See[9], [14], [15].
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Algorithm 5.1 (TRICE)

1 Given
è u and b u .

2 For
% ¸%¹ ¶ @ ¶ < ¶ ÄÎÄxÄ do

2.1 Compute
æTÿQ by approximatelysolving(5.11).

2.2 Computeü ÛQ ° è Q æiÿQ Ù Ü ¾ Q ² .
2.3 Compute

æ Ý
with � Q ° ¯ Þ ¢¥ß � ¯ Q ²hÂ æ Ý Â�� Q ° ¯ ÞáàËâ � ¯ Q ² by approximatelysolving

(5.12).

2.4 Compute
æ ¸ æ ÿ Ù æ � ¸ æ ÿ Ùcü Q æ Ý .

2.5 ComputeÕ by solving(2.9)with ® ¸ ® Q Ù æ Ð , ¯ ¸%¯ Q Ù æ Ý .

2.6 Updatethetrustregion radius b Q anddecideif ® Q Ù æ Ð , ¯ Q Ù æ Ý canbeaccepted
asthenew iterate.

2.7 If
æ

is rejectedset ® Qlj � ¸ ® Q , ¯ Qlj � ¸%¯ Q , and Õ Qlj � ¸ Õ Q .
Otherwise,

æ
is accepted;set ® Qsj � ¸ ® Q Ù æ Ð , ¯ Qlj � ¸%¯ Q Ù æ Ý and Õ Qlj � ¸ Õ .

2.8 If exact secondorder informationis not used,updatethe (reduced)Hessianap-
proximation.

We briefly sketch the information that the SQPalgorithm5.1 requiresfrom the application
programs.A detailedpresentationis given in [15]. If (5.13) is used,thenstep2.1 requiresthe
solutionof a linearizedstateequation. The computationin step2.2 involvesthe solutionof an
adjoint equation,seethe definition (2.13)of ü °µ®·¶ ¯¿² . If a quasi–Newton approximationis used
to replacethe the reducedHessianü ÛQ è Q ü Q , thenstep2.3 canbe implementedvery efficiently
usinga modifiedconjugategradientmethod.Theapplicationof ü Q in step2.4 requiresthesolu-
tion of anotherlinearizedstateequation.See(2.13). Computationsinvolving thesolutionof one
linearizedstateequationandoneadjointequationmaybeneededin step2.8. Thisdependson the
updateused. This andotheralgorithmsareimplementedin [15]. Global andlocal convergence
resultsareprovenin [9]. Theinfluenceof inexactderivativesis analyzedin [14]. Thelatteraspect
is importantin our applicationsincewe usea pseudo–timemarching(iterative) schemeto com-
puteapproximatesolutionsto linearizedstateequationsandto the adjoint equations.Moreover,
additionalapproximations,outlinedin Section3, areappliedin thesecomputationsaswell.

A final remarkon the handlingof inequalityconstraintsis in order. In our casethe design
spaceis small � Ý ¸a
 andotherapproachessuchasprojectionmethodsor activesetmethodscan
likely beusedwith similar performanceto handletheinequalityconstraints(5.3). However, wing
designsin industrialsettingsmayinvolveup to 500designparameters[4]. In this caseaninterior
pointapproachpromisesto besuperior.
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6 Numerical Implementation

6.1 Handling the Inequality Constraints and Reformulation of the Opti-
mization Problem

The currentversionof TRICE only solvesproblemsof the form (5.1)–(5.3). Hencewe needto
recastthedesignproblem(4.1)–(4.4)into theform (5.1)–(5.3).This is doneby handling(4.3)asa
“soft” constraintusinga penaltytermandby transformingthedesignparameters.

Insteadof includingthedragconstraint(4.3) we adda penaltyterm � °��$° ÖÙØ : ÖÙØ Ú���� ��@ ²�² to
theobjective,where

� °�� ²;¸ Æ ¹ � Â ¹ ¶� õ � ê ¹·Ä (6.1)

Here � is a (scalar)penaltyconstantwhichcanbeusedto increaseemphasison thedragviolation.
Theadditionof � °�� ² to theobjective function ¾ hasthedesiredeffect of penalizingtheobjective
when the dragconstraintis violated. Note that this is a “soft” constraint,in the sensethat the
optimizerwill allow the dragconstraint(4.3) to beviolatedaslong asthepenaltyterm addedis
not too large.Thiscanbeaddressedto someextentby controllingthepenaltyconstant� .

Theremainingconstraintscanbeaddressedusinga mappingbetweenthecontrolvariable,̄ ,
andthedesignweights,� . Ratherthanusethedesignweightsasourcontrolvariables,weusethe
areaof theairfoil andits trailing edgeangleascontrolvariables,asshown below. This enablesus
to addresstheissueof ensuringthatthelowerboundontheareaandthetrailing edgeangleremain
strictly enforced,by makinguseof thefactthatwe canplaceboundson thecontrolvariables.We
use,asourcontrolvariables,

¯ ¸�� &'''( ''')
< � ° � � � � Ì ²< � ° � õ � � � ²< � ��¹·ÄûM � �Kõãöä

1 '''2'''3
(6.2)

where

�� ¸ ���Þ [ Ç ¶ �K�ã�ä ¸ K�ã�äK Þ [ Ç ¶
andthescalarfactor � hasbeenaddedin orderto beableto experimentwith thescaling.Notethat
this resultsin a controlspacethatis simply a resultof a linearcombinationof thedesignweights,
asshouldbeevidentfrom equations(4.7)and(4.7).Now, enforcingbounds<�� Âý¯ Ì Â!<�� � ��Þ�� r��Þ [ Ç
strictly enforcestheboundson theareaof theairfoil (4.4).Similarly, thebound,¹±ÄæM�� Âý¯ �
imposestheconstraint(4.5). Themapping(6.2)canbeusedto translatebetween̄ and � . Note
that theabove mappingwaschosensoasto yield a low conditionnumberfor the transformation
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matrix providing the mappingbetweenthe weightsand the controls. This was donewith the
philosophythatachangein thecontrolsshouldproduceroughlythesameamountof changein the
weights.Thischoicedid yield improvedperformancein theoptimizationalgorithm.

Theoriginaldesignproblem(4.1)–(4.4)is now recastas»7¼ ½ Ð�÷ Ý ¾j°µ®·¶ ¯¿²N¸ � ÖÃ× °O®$¶ ¯¿²ÚÙ�� °��$° ÖÙØ °µ®·¶ ¯¿²;: ÖÙØ�Ú���� � @ ²5²
s.t. ´ °O®$¶ ¯³²N¸À¹ ¶¯ Þ ¢¥ß Âý¯ Âý¯ ÞáàËâ ¶

which is of theform (5.1)–(5.3).

6.2 Solution of the Linearized State and Adjoint Equations

To solve the designproblemusingAlgorithm 5.1 describedabove, we needto be ableto do the
following:

 Provide an update
æ Ð in the statevariable,given an updatein the control variable

æ Ý
by

solvingthelinearizedstateconstraint.

 Solve theadjointequationata givenpoint.

Thesetaskscanbeperformedusingthesameproblem-solvingstructureappliedin theflow solver
ErICA. Thesetaskscanbeeasilyextractedfrom theflow codeandonly relatively few changesare
needed.

Themodificationof theErICA codeto computeapproximatesolutionsto the linearizedstate
equationis shown in Algorithm 6.1. Theschemeoutlinedin Algorithm 6.1solvesanapproxima-
tion ù �� P Ù �� Q Ù �� � û æ Ð(Ù � ´� ¯ °O®$¶ ¯¿² æ Ý ÙÌ´ °µ®·¶ ¯³²"! �´ ° æ Ð ¶ æ Ý ¶Ø®$¶ ¯³²N¸À¹ (6.3)

of the linearizedEulerequationsusinga pseudo-timemarchingschemeanalogousto theoneap-
plied in ErICA. Here ®$¶ ¯ and

æ Ý
aregivenandanapproximatesolution

æ Ð hasto becomputed.
Notethat VV Ð ´ °O®$¶ ¯¿² is replacedby �� P Ù �� Q Ù �� � . While in theresidualcomputation,flux termsare
calculatedusingVanLeerFlux VectorSplittingandMUSCL differencingwith cubicinterpolation
of thevaluesof thestatevariables® from thecell centersto the cell faces,only linear interpola-
tion is usedto calculateapproximateJacobians,seeSection3. This leadsto thematrices �� P ¶ �� Q .
However, boundaryconditionsareincludedin theresidualcomputations,cf. (3.7).This is reflected
aboveby thematrix �� � . Theequation(6.3) is solvedby driving anunsteadyform of thelinearized
Eulerequations��S � æ Ð�� ¸ � ° �� P Ù��� Q Ù �� �x² æ Ð � � ´� ¯ °µ®·¶ ¯¿² æ Ý � ´ °O®$¶ ¯¿²#! � �´ ° æ Ð ¶ æ Ý ¶Ø®$¶ ¯³²N¸À¹ (6.4)

towardssteadystate. The factor ��S is addedto the transientterm in orderto make the above
equationconsistentwith the discretizedEuler equations(cf. (3.3)). The pseudo-timemarching
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schemeusedis identicalto theoneusedin marchingthenonlinearEulerequations,describedabove
in equations(3.10)–(3.12),with the nonlinearresidual,́ replacedby the linearizedresidual, �´ .
Wecanview thisalgorithmassimplyaniterativemethodfor solvingthelinearizedstateequation.
Notethatarelaxationfactor $ is usedto updatethesolutionin theiterativeprocess.Ournumerical
experimentsshowed that using $ ¸ @ Äæ<CM yielded improved convergencerates. Also, note that
thereis anexternalloop in theiterativeprocessmonitoringtheresidual.This is in orderto ensure
that theresidualdoesnot diverge. If thenormof theresidualis greaterthansomepredetermined
value, �´ ÞáàËâ , thentheiterativeprocessis restartedwith areducedtimestepb  . This is necessitated
by the fact that theJacobianscanbe ill-conditionedif the solutionis far from feasible,resulting
in a divergentiteration. Reducingthe time stephadthe effect of alleviating the ill-conditioning.
Using �´ ÞáàËâ ¸ @ <  �´ u  seemedadequatefor ourpurposes.A factorof 12 is usedbecausein some
instances,the iterative processinitially increasedthe residualbut managedto recover. Clearly,
theserulesaresomewhat ad-hocandmoresophisticatedtechniquescould have beenappliedto
increaseefficiency. Sinceweareconcernedwith morefundamentalissuesarisingin theall-at–once
approach,optimizingperformanceis beyondthescopeof thisstudy. NotethatAlgorithm 6.1only
involvesoneJacobianevaluationandonenonlinearresidualevaluation.TheJacobianundergoes
oneblockLU factorizationandtheiterativelooponly involvesblockmatrixsolves,andevaluation
of thelinearizedresidual,whichsimply requiresrelatively cheapblockmatrixmultiplicationsand
additions.

Similarly, for thesolutionof theapproximateadjointequation° �� P Ù �� Q Ù �� ��² Õ ÙÌÙ Ü Ð ¾s°O®$¶ ¯¿²"! � °O®$¶ ¯¿²N¸ ¹ (6.5)

considera “pseudo”timedependentadjointequation,�cS Û � Õ�� ¸ � å ù �� P Ù �� Q Ù �� � û Û Õ Ù Ü Ð ¾j°%� Q ² ç ! �
� ¶

where ¾ is the objective. As in the solutionof the linearizedstateequation,we replace VV Ð ´ by�� P Ù �� Q Ù �� � . We usethe approximatefactorizationalgorithm usedin ErICA to iteratethis
equationin time,until theresidualof theadjointequationis sufficiently small,ideally

� ¸%¹ . The
procedureis asfollows. Wehave, d�ü Ù��� P Ù��� Q f Û b Õ ¸ �

� Ç
where �� P and �� Q areJacobianterms.Thematrixof theleft is factoredapproximatelyaccordingto
spatialdirections d ü Ù��� P f Û ü � Û d ücÙ��� Q f Û b Õ ¸ �

� Ç
Thissystemis solvedusingthesequenced ü Ù��� P f Û b Õ ��g õ ¸ �

� Çd ü Ù �� Q f Û b Õ ¸ ü Û b Õ ��g õ (6.6)
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Algorithm 6.1 (Linearized State Equation Solver)

1 Given ®·¶ ¯ ¶ æ Ý , tol.

1.1 Generategrid.

1.2 Compute: �� P °O®$¶ ¯³² , �� Q °O®$¶ ¯³² , �� � °O®$¶ ¯¿² , ´ Ý °O®$¶ ¯¿² .
1.3 Compute: �´ u ¸ ´ °O®$¶ ¯¿²,ÙÌ´ Ý °O®$¶ ¯¿² æ Ý .

1.4 Set: � ¸ ¹ , æ Ð�Çã¸À¹ .
2 LU Decomposition.

2.1 Compute:
Ô Q o Q ¸ d ücÙ �� Q f .

2.2 Compute:
Ô P o P ¸ d_ü Ù��� P f .

3 EulerImplicit Time Integration.

3.1
% ¸ constantlines:

Solve
Ô Q o Q b æ Ð ü & ý ¸ � �´ Ç .

3.2
" ¸ constantlines:

Solve
Ô P o P b æ Ð9¸ ü � b æ Ð ü & ý .3.2 Update

æ Ð : æ Ç j �Ð ¸ æ Ç Ð Ù$b æ Ð . Set � ¸!�7Ù @ andgoto4.

4 ComputeLinearizedResidual

4.1 Compute: �´'Çã¸ d �� P Ù �� Q Ù �� � f æ Ð�ÇRÙ'�´ u
4.2 Compute:  �´'Ç  .

If  �´ Ç  þ tol, set
æ Ð;¸ æ Ç Ð . Return.

Else,if  �´'Ç  Â �´ ÞáàËâ , goto3.

Else,restart.Set: b  ¸ ¹±ÄæM=b  , � ¸%¹ , æ Ð�Ç ¸À¹ , andgoto2.

Õ Ç j � ¸ Õ Ç Ù�$ b Õ
Theabove iterationis performeduntil theresidualof theadjointequation,

�
, is reducedto zero.

Theadjointcomputationis outlinedin Algorithm 6.2. Note,thatwhile computingtheresidualof
theadjointequation,andthe linearizedstateequation,we includethe terms �� � correspondingto
theboundaryconditions.
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Sinceweareinterestedin thesolutionof thesteadystateadjointequation(6.5),wecouldhave
justaswell reversedthesequenceabove, i.e., solved ücÙ �� Q f Û b Õ ��g õ ¸ �

� Çd ü Ù��� P f Û b Õ ¸ ü Û b Õ ��g õ (6.7)

andset Õ Ç j � ¸ Õ Ç Ù�$ b Õ . This would give us an algorithmwhich is exactly the sameasthat
usedin the linearizedstatealgorithm,except the matriceswould be transposed.However even
thoughthepseudo-timemarchingis just aniterativeschemefor solving(6.5),we preferredto use
the transposeof the pseudo-timeprocess(6.4) to calculatethe adjoints. Numericalexperiments
showedthat(6.6)hadaslightly superiorconvergencebehavior than(6.7).

Onceagainanouterloop monitorsdivergenceof theresidual.We use

� ÞáàËâ ¸ @ < 
� u  . Nu-

mericalexperimentsshowedthatthecomputationof theadjointwasmoresusceptibleto producing
divergentresults,andhencecarehasto betakenin choosingthevalueof therelaxationfactor $ .
We choose$ ¸ »\¼]½X° @ Äû<=M ¶ @ � ¹±Ä @ < Ï ð)( ° @ ¹ 

� [  ²5² , which hasthe desiredeffect of underrelaxing
whenthesolutionis crude,in orderto reducethepossibilityof divergence,andoverrelaxingwhen
thesolutionis refinedin orderto increasespeedof convergence.Also,notethatwedonotstartwithÕ ¸�¹ . Rather, we startfrom thepreviouslycomputedestimateof theadjointvariable.Ourexper-
imentsshowedthatthis yieldedsignificantsavingsin termsof thenumberof iterations.However,
if the iterationprovesto bedivergent,thenwe resetÕ to zero. As we have notedalreadyfor the
linearizedstatesolver, theserulesaresomewhatad-hocandmoresophisticatedtechniquescould
havebeenappliedto increaseefficiency. Thiswill bedonein futurestudies.As with theprocedure
for thelinearizedstateequation,this iterationonly involvesasingleJacobianevaluation.

7 Numerical Results and Discussion

This sectionreportson someof numericalexperimentsconductedusingtheTRICE interior-point
trust-region SQPoptimizationalgorithm(seeSection5) coupledwith themodificationof theEr-
ICA flow code(seeSections3 and5) to solvetheairfoil designproblemstatedin Sections4 and6.
Thepresentationof resultsis followedby a discussionof observeddifficulties,possibleremedies,
andfurtherresearchissues.

All reportedcomputationswereperformedonC–typegridswith thefollowing dimensions:

1. M @ É @ 
 grid with 31pointson theairfoil surface,

2. @ ¹ @ É5<Cå grid with 61pointson theairfoil surface,

3. @ M @ É¾
3¹ grid with 91pointson theairfoil surface,

4. <e¹ @ É5M=O grid with 121pointson theairfoil surface,

5. O=¹ @ É5å)* grid with 181pointson theairfoil surface.
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Algorithm 6.2 (Adjoint Equation Solver)

1 Given ®·¶ ¯ , tol.

1.1 Generategrid.

1.2 Compute: �� P °O®$¶ ¯³² , �� Q °O®$¶ ¯³² , �� � °O®$¶ ¯¿² , ´ Ý °O®$¶ ¯¿² .
1.3 Compute:

� u ¸ Ü Ð ¾j°µ®·¶ ¯¿² .
1.4 Set: � ¸ ¹ , Õ Ç1¸ Õ,+.- ¦0/ .

( Õ�+1- ¦0/ is theLagrangemultiplier estimateat thepreviousiteration)

2 LU Decomposition.

2.1 Compute:
Ô Q o Q ¸ d�ücÙ �� Q f .

2.2 Compute:
Ô P o P ¸ d ü Ù �� P f .

3 ComputeAdjoint Residual

3.1 Compute:

� Çã¸ d �� P Ù �� Q Ù �� � f Û Õ Ç�Ù � u
3.2 Compute: 

� Ç  .
If 

� Ç  þ tol, set Õ ¸ Õ Ç . Return.

Else,if 
� Ç  ê � ÞáàËâ , restart.Set: b  ¸À¹±ÄæM=b  , � ¸ ¹ , Õ Çã¸À¹ , goto2.

4 EulerImplicit Time Integration.

4.1
" ¸ constantlines:

Solve
Ô P o P b Õ ��g õ ¸ �

� Ç .
4.2

% ¸ constantlines:
Solve

Ô Q o Q b Õ ¸ ü � b Õ ��g õ .
4.3 UpdateAdjoint: Õ Ç j � ¸ Õ ÇRÙ�b Õ . Set � ¸k�VÙ @ andgoto3.

Beforerunningtheoptimization,we usedErICA for simulationandperformeda grid conver-
gencestudy. Thiswasdonefor the(closed)NACA 2412airfoil andthegridsspecifiedabove. The
resultsareshown in Figure7.1. They show that theanalysiscodeErICA overestimatesthedragÖÙØ andunderestimatesthelift ÖÃ× on thecoarsergrids.

Thegrid convergencestudymotivatedthefollowing procedurefor solvingthedesignproblem.
Wesolvethedesignproblemonasequenceof grids,usingtheoptimalsolution(designparameters¯ andinterpolationof correspondingflows ® ) of the coarsegrid asthe initial valueon the next
finergrid. On thecoarsegrid wecomputestartingvaluesasfollows: Theinitial designparameters¯%¸ ° @ ¶ ¹ ¶ ¹ ¶ ¹3² correspondto the(closed)NACA 2412airfoil andtheinitial flow ® wasthecorre-
spondingflow computedby ErICA onthecoarsegrid, i.e., westartwith apointsatisfyingthestate
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equatioń °O®$¶ ¯¿²C¸�¹ . We alsostartwith a loosebound ÖÙØ�Ú,ÛÝÜ on the drag,which is tightened
graduallyaswerefinethegrid. Thevaluesarereportedin Table7.1.Weuse � ¸ @ ¹ in thepenalty
termfor thedragand ��Þ ¢¥ß ¸À¹±Ä ¹,åCM and ��ÞáàËâ ¸ ¹±Ä @ M .Westoptheoptimizationonthecurrentgrid if thenormof thereducedgradientü °O®$¶ ¯¿² Û Ü ¾s°O®$¶ ¯¿²
is reducedto a toleranceof @ ¹ � õ andif  ´ °O®$¶ ¯¿²  Â @ ¹ � Å . It wasobserved that the optimizer
struggledto diminish thereducedgradientmuchbelow this. For the M @ É @ 
 grid, a scalefactor
of � ¸ @ wasused,which producedresultsthathadreducedthenormof thereducedgradientto
about @ ÄæMVÉ @ ¹ � õ , at which point the iterationwasterminateddueto lack of progress.Thealgo-
rithm wasimplementedsothatif theoptimizationstalled,i.e., thealgorithmterminatedbecauseit
failed to make furtherprogress,we restarttheoptimizationwith a feasiblesolutionfor thegiven
configuration.Severalrestartswererequiredfor the M @ É @ 
 grid. In particular, theoptimizerstrug-
gled if theconstraintresidual  ´ °O®$¶ ¯³²  becametoo large, i.e., if the iteratesmove too far away
from feasibility. Theobserveddifficultiesin theoptimizationarelikely dueto theinaccuraciesof
residualJacobiansusedin thelinearizedstateequationsandtheadjointequations.Wewill discuss
this in moredetailbelow. For theothergridswe useda scalefactorof � ¸ @ ¹ (cf. (6.2)). The
optimizationconvergedwith a singlerestartin thesecases.The resultsareshown in Table7.1.
Note thatwe did not run theoptimizerfor the final grid, aswe hada nearlyconvergedsolution.
Theareaof theoptimizedairfoil is at thelowerbound,asonemightexpect.
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Figure7.1: Grid ConvergenceStudyfor NACA 2412

Figure7.2 shows the final resultsobtainedfor the O=¹ @ Éhå)* grid. Note that the shockhas
moveddownstream.Theoptimizationimprovestheperformanceof theairfoil. Comparedto the
baselineNACA 2412airfoil, which hada lift coefficient, ÖÃ× ¸ ¹·Ä¼
/M=åCå with ÖÙØ ¸ ¹±Ä�¹ @ <�
 @ , the
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Table7.1: NumericalResultsfor Airfoil DesignProblem

Grid Size 243�5)6%7 Data Õ ü Õ ý Õ98 Õ;: 24< 243 =Å � ú � � u.> u¯� Initial 1.0000 0.0000 0.0000 0.0000 0.4132 0.0469 0.0823

Final 0.2538 0.1793 -0.1369 0.5793 0.5263 0.0403 0.0770� u � ú õ�? u.> u õ Initial 0.2538 0.1793 -0.1369 0.5793 0.5722 0.0251 0.0770

Final 0.2812 0.1049 -0.0760 0.5314 0.5227 0.0201 0.0750� Å � ú �`u u.> u � � Initial 0.2812 0.1049 -0.0760 0.5314 0.5266 0.0159 0.0750

Final 0.3059 0.0593 -0.0313 0.5006 0.5037 0.0142 0.0750

õ u � ú Å·Ì u.> u � õ Initial 0.3059 0.0593 -0.0313 0.5006 0.5044 0.0126 0.0750

Final 0.3153 0.0429 -0.0154 0.4893 0.4955 0.0120 0.0750Ì·u � ú ?A@ 0.010 0.3153 0.0429 -0.0154 0.4893 0.4959 0.0103 0.0750

final designhas ÖÃ× ¸ ¹±Ä 
4*,MB* and ÖÙØ ¸ ¹±Ä ¹ @ ¹,<BC , which meansthe lift coefficient hasincreased
by approximately8.5%,while thedragcoefficienthasbeenreducedby 17%.

Table7.2givesanaccountof thecomputationaleffort requiredateachstepto producea “con-
verged”solution.However, oneshouldkeepin mind thatwe did not optimizetheimplementation
for efficiency. Improvementsin performancecanbeachievedandwe outlinea few possibleen-
hancementsbelow. Herethenumberof “successful”iterationsis thenumberof iterationsin which
theAlgorithm 5.1acceptsthestep

æ
anduses® Qlj � ¸ ® Q Ù æ Ð , ¯ Qsj � ¸n¯ Q Ù æ Ý asthenew iterate

(seestep2.7), whereasthe total iterationsalsoincludesthe unsuccessfuliterations,i.e., thosein
which the stepis rejectedandthe next iterateis set to be ® Qlj � ¸ ® Q , ¯ Qlj � ¸�¯ Q . It shouldbe
notedthatmostof thecomputationaleffort (in termsof numberof iterations)occursat thecoarsest
level, wherethecomputationsarefairly cheap.Thoughthereis roomfor improvementtheTRICE
algorithmis relatively efficient in finding thegivensolutions.Consider, for example,thecompu-
tationaleffort requiredfor the M @ É @ 
 grid. We require3786residualevaluations,5004Jacobian
evaluations,10008block LU factorizationsand454948block matrix solves.Comparethis to the
effort requiredto obtaina singleanalysissolution: We requireapproximately1000pseudo–time
integrationstepsto producea convergedsolutionwhich requires1000residualevaluations,1000
Jacobianevaluations,2000block LU factorizationsand2000block matrix solves. Discounting
the discrepancy in the numberof solves,the computationaleffort requiredby TRICE is roughly
equalto theeffort requiredto perform5–6flow analyses,which is very cheap.It shouldbenoted
thatthoughwerequirea largenumberof blockmatrixsolves,this just involvesforwardandback-
wardsubstitutionswhich is fairly cheap.As we have indicatedearlier, this paperconcernedwith
the feasibility of theall–at–onceapproachfor airfoil design.Computationalefficiency wasnot a
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Figure7.2: ResultsobtainedusingTRICEfor Airfoil DesignProblem

prime concernfor the interfaceof the ErICA flow subroutineswith the TRICE optimizer. Sev-
eralimprovementscanbemade.For example,we recomputetheJacobianinformationevery time
that we requireto solve the linearizedstateequationor the adjointequation.SincetheJacobian
will only changeif theiterate °O®$¶ ¯¿² changes,a moreefficient implementationwould requireonly
oneJacobianevaluationfor eachiterationof Algorithm 5.1. Moreover, our pseudo-time-stepping
schemefor solvingthelinearizedstateandtheadjointequationcanbeimprovedwhichwould lead
to fewerpseudo-time-stepsandfewerLU solves.Similar instancesof implementingthecodein a
moreefficient mannershouldyield significantsavingsfrom theeliminationof redundantcompu-
tations.

Earlier, we havepointedout thattheoptimizerstruggledto achieve thedesiredtolerances.We
now discusspossiblereasonsfor this andalsopossibleremedies.We distinguishamongthree
groups.Thefirst groupis relatedto the informationthat is providedto theoptimizer, thesecond
groupis relatedto theoptimizationformulation,andthethird groupis relatedto theairfoil design
problemandits discretization.

TheTRICE optimizerrequiresfrom theuserthesolutionof linearizedstateequationandad-
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Table7.2: ComputationalHistory for Airfoil DesignProblemusingTRICE

Grid Total Successful Number # Residual # Jacobian # LU
# SolvesSize Iterations Iterations of Restarts Evaluations Evaluations FactorizationsÅ � ú � � Ì�K�KML õ �·� � õ Ì ? K � Å·u·u¯� � u·u·u�K �`Å¯� @ ��K� u � ú õ�? �·� õ � � Ì � Ì �`Ì ? K ? � ? Ì·Å�K�K� Å � ú �`u õ�? �·� � Å·u � Å � K � u·Ì � K � @ Å·Ìõ u � ú Å·Ì � @ Å � Ì�K � � õ Å K·Å·u � Ì ?�? � KL

Iterationwasstoppedwith anormof thereducedgradientof
� > Å�N � u.O ý

dueto lackof progress.

joint equation.Weextractthis informationfrom theErICA code.However, weusesimplifications
in thecomputationof theconstrainresiduals.While the residuaĺ °O®$¶ ¯³² is evaluatedusingVan
LeerFlux VectorSplitting andMUSCL differencingwith cubic interpolationof thevaluesof the
statevariables® from the cell centersto the cell faces,the ‘Jacobians’of the flux termsareob-
tainedusinglinearinsteadof cubicinterpolation.Thusweonly useapproximateJacobians.These
approximationsbecomebetterasthegrid is refined,but onagivengrid acertainerrorlevel cannot
be removed. This explainsour earlierobservation that the optimizerhadmoreproblemsfinding
a solutionrelative to thegiventoleranceson thecoarsegrid thanon thefine grid. TheJacobians
usedareonly asymptoticallycorrectandthediscrepanciesbetweentrueJacobiansandJacobians
usedbecomesmallerasthe meshis refined. On coarsegrids, we try to oversolve the problem.
We expecta significantimprovementin performanceif trueJacobiansareused.However, in that
casesomecomplicationsmayarisefrom the differentiationof the VanAlbadaflux limiter. This
matterwill be investigatedin depthin future research.We point out that this behavior doesnot
contradicttheability of theoptimizerto handleinexact information.Theoptimizercanonly per-
form successfullyfor arbitrarystoppingtolerancesif thedegreeof inexactnesscanbeadjustedby
theoptimizerto theprogressit makestowardscomputingthesolutionandtherebyto therequired
tolerance.Oneneedsto adjustthestoppingtolerancesto theaccuracy in functionvalues.In fact,
we couldhave relaxedthetoleranceon thecoarsegrid andtherebyreducedthenumberof coarse
grid iterations,while maintainingtheperformanceonthefinergrids.However, sinceanexacterror
boundfor thequalityof theJacobiansusedis notavailable,webelievethatonetendsto try to over-
solvetheproblem.Hence,theperformancedisplayedin Table7.2is whatoneshouldexpectin the
experimentationphaseof thealgorithm. Theseexperimentscanbeusedto definegrid-dependent
toleranceswhichwill leadto a betterperformancethanthatshown in Table7.2.

We usedtheoptimizerTRICE becauseof its capabilityto acceptsolutionsof linearizedstate
equationsandadjointequationscomputedusingapplicationspecificsolvers. A reformulationof
theproblempresentedin Section6 wasnecessary, sincethecurrentversionof TRICE only solves
problemsof the form (5.1)–(5.3).Someinefficienciesanddifficultiesmight beattributedto this.
It is expectedthatthesewill beresolvedwith futureversionof theoptimizerfor solvingthemore
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generalproblems(4.1)-(4.5). A high percentageof the numberof block matrix solvesrequired
to solve the designproblem(refer Table7.2) canbe attributedto the large numberof iterations
requiredto obtainaconvergedsolutionfor theadjointequation.This is especiallytruefor thefiner
grids,whichmaybecausedby ill-conditioningin thegrid. Wereturnto this issuebelow. Thehigh
numberof solvescanalsobepartly attributedto thepenaltyfunctionapproachwe useto address
thedragconstraint(6.1).Whenthedragconstraintis violatedthegradientof theobjectivefunction
with respectto thestatevariablesbecomesvery large,which in turnmeansthattheresidualof the
adjointequationis very largeandrequiresa largenumberof iterationsto converge. Thepenalty
term(6.1) alsocausesobjective functionto changeabruptlywhenthedragconstraintis violated.
Thiseffect is currentlyinadequatelyreflectedin themodel(5.12)usedto computethestepandled
to a largenumberof unsuccessfuliterations.

Thethird groupof reasonsfor difficultiesin thesolutionprocessis somewhatrelatedto thefirst
oneandconcernstheairfoil designproblemandits solution.Jameson[21] hasshown theexistence
of caseswherenonuniquesolutionsof thediscretizedEulerequationscanbeobtainedfor certain
airfoils. While theall–at–onceapproachnever requiresthesolutionof theEulerequation,our im-
plementationusesthesolutionto thelinearizedequationsandadjointequations.Existenceof these
solutionsandtheirdependenceuponright handsidedataneedto beinvestigated.Anotherpossible
reasonfor thedifficultiesin convergencebehavior is thefactthatthesimplealgebraicgrid thatwe
usemaybeill-conditioned.Sincetheprimarypurposeof thepresentstudywasto demonstratethe
conceptof usingtheall–at–onceapproachfor solvingthedesignproblem,wehavenotinvestigated
theeffectof thegrid onthesolutionprocess.As aresult,noattempthasbeenmadeto ascertainthe
quality of the grid. It was,in fact,observedthat theconvergencebehavior exhibitedby theflow
solver deterioratesasthe grid is refined,which couldbe an indicationof ill-conditioning. Other
grid generationtechniquesandairfoil surfacediscretizationsshouldbeinvestigatedin thiscontext.
More sophisticatedtechniquesareappliedin many of thepaperson airfoil designcitedearlierin
this paper. However, an inclusionof suchtechniquesin theall-at–onceapproachrequiresa care-
ful analysisof grid sensitivities which areneededin the computationof ´ Ý °O®$¶ ¯³² and ¾ Ý °O®$¶ ¯¿² .
Finally, aswe have pointedout in Section2, theairfoil designproblemis an infinite dimensional
problem.Theinfinite dimensionalproblem,its discretization,andtheoptimizationapproachhave
to beanalyzedjointly to derive robustandefficient solutionmethods.In a simplifiedmodelprob-
lem thebenefitsof suchananalysisweredemonstratedin [6] andwereshown to leadto 10–15%
reductionsin optimizationiterations. Provisions for the inclusionof infinite dimensionalprob-
lem structureinto theoptimizerhave beenmade,see[15]. Their applicationin theairfoil design
problemarepartof futureresearch.

8 Conclusion

We have implementedtheall–at–onceapproachto solve anoptimumairfoil designproblem.The
airfoil designproblemwasformulatedasa constrainedoptimizationproblemin which flow vari-
ablesanddesignvariablesareviewedasindependentvariablesandin which thecouplingsteady
state2-D Eulerequationis includedasa constraint.To implementthis approach,we have com-
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binedanexisting optimizationalgorithm,TRICE, with anexisting flow code,ErICA. Detailsof
theimplementationweregivenanddifficultiesarisingin theimplementationwerediscussed.Our
numericalresultsindicatethat the costof solving thedesignproblemis approximatelysix times
thecostof solvinga singleanalysisproblem.This is consistentwith theexpectationthat thede-
couplingof flow variablesanddesignvariablesin the all–at–onceapproachmakesthe problem
lessnonlinearandcanincreasetheefficiency with whichthedesignproblemis solved.Difficulties
observedin thesolutionprocesswerediscussedandsomefutureresearchissueswereaddressed.
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